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1. Desarrollando las sumatorias planteadas, mostrar que: 


O ^ijk A¿ Aj Afc — 0 


CijkAiAjAk — Cl23Óll A2 A3 + €231^2^301 + £31203^1^2 + £321^324.2^1 + £132^1 A3212 + fi2i3d.2d.12l3 


did2d3(fi!23 + £312 + É231 + £321 + £1326213) — did.2d3(l + 1 + 1 — 1 — 1 — 1) — 0 


b) íijkTjk = 0 si Tij = Tji 


£ijkTjk — £123+23 + £231+31 + £312+12 + 6321+21 + 6213+13 + 6132+32 ~ 


— +23 (£123 + 6132) + l3l(6231 + 6213) + +12 (C312 + £312) — 


= t 32 ( 1 - 1) + r 3 i(i - 1) + T 12 (1 - 1) = o 


c) £ijkéi dx d . dxk f = 0 con / = f(xi) una función escalar 


d 2 


t-ij k t-i 


dxjdxk 


f = 


- d 2 f . d 2 , , . d 2 , , . d 2 f , , d 2 f , „ d 2 

612361-1—7 —J + £23162 7—7 —J +£31263-1—7—/ +e 3 2ie 3 --r—/ +£i32ei- J —-—/ +£21362-1—7— 

dx2dx% ax^dxi dx±dx2 dX2dx\ dx%dx2 dxidx% 


d 2 d 2 d 2 

/(e 123 + £132)61 + 7—7—/(e 312 + 6321)63 + -j—j—/(e 231 + £213)62 = 


dX2dX3 


dx\dx2’ 


dxidxz ' 


J J-/(I _ l) 6 l + -7 - -7 -/(I _ 1)0 + 7-7-/(I — 1)0 — o 

dx2dx% dx\dx2 dx\dx 3 
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,, d 2 A k 
a) e ijk -, — 7 — = O 


' dxidxj 


d 2 A k d 2 A 3 d 2 Ai d 2 A 2 d 2 A x d 2 A 3 d 2 A 2 

e ijk , - £123 + £231 -JZ—nr + e 312 + £ 321 + £213 ~JZ 1Z + e 132 " 


' dxidxj 


>7 j 1 ¿ül 7 7 1 O-L^i 7 7 1 0*1 7 7 1 *p-LO 7 7 1 -LO^ 7 7 

dx\cix 2 cLx 2C1X3 ax^axi dx^clx 2 clx 2 cLx\ dx\dx 3 

d 2 A% d 2 A 2 , . 

3 - 3 -(^123 + e 213j + 3 - 3 -( e 312 + C 132 ) + 3 - 3 -(€231 + e 32l) = 

dx\dx 2 dx^dxi dx 2 dx 3 

^-d - 1 ) + AA {1 . j, + _^_ (1 _ i) = o 


dx 3 dx 2 


dx 3 dx\ 


dx 2 dx 3 


2. Si fes el vector de posición y r su módulo; / = f(xi), g = g(xi) dos funciones escalares y n un escalar, use notación 


indicial para mostrar que: 


a) V(e«/) = eá ( j- + - 

\ dr a r 


V(e “ /) = 6 ^ 6 ‘ 


f ^ 


d (ilf. Mf. d \ 
+ e ‘ ,/,/M 


„ H ) 2 d (rM 2 (’j) df dr\ 

= e ’[ fe ‘ íí; • +e * **;='• 


V 

a V r / dr r 


f ¿J—(h x 2 )-i 2 X 5 ^ + 

a Vp, +6 dr r 


a dr J r 


b) 


d 2 f 1 df 


dxkdxj r dr ^ \dr 2 r dr) r 2 


d 2 f 2df\xjX k 


d 2 f d d y, d dr df d Xj df Xj dr d df ^ df d Xj 

dx k dxj dx k dxj dx k dxj dr dx k r dr r dx k dr dr dr dx k r 


„.,„ K d 2 f df í d 1 1 d , 

= + fff. ( X í~—( X rn) 2 + (X m ) 2 ZÍZ7 X 3 ) = 


X k 


dx k 


XjX k d 2 f df 

r 2 dr 2 dr 


^ d ¿ + í { Xj i(2xfe) )+ ^ is í k ) = 

( , , ,_ij \ XjX k d 2 f XjX k df 1 df 

\ X í X k{ X m) 2 +(x m ) 2 djk J ^2 dr 2 r3 ¿ r + r ¿ r ^ k ~ 


ld¿ 

r dr 


(<Pj_ _ 1 dA Sjftfc 
jk \ dr 2 r dr) r 2 


c) V 2 (r n ) = n(n + 1 )r íi 


V2 (rn) = 2 = (*¿) 2 = n ¿ ( x f) 2 = 


efe v 3/ 


n ^3 (x 2 ) 2 + (n - 2 )xí ( x 2 ) 2 x p 8 p ^j = n ^3 (x 2 ) 2 + (n — 2) (x 2 ) 2 ^ = (cc 2 ) 2 n(n -2 + 3) 
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n(n + 1 )r n 2 


d) V x (/r) = O 


V X (/r) / %j^ijk&k tijk&k ^ — f^jjk&k • 


dr d/ 
J dxi dr 


— r dv ^ijk&k — 2 r v^i^j^ijk ~^~ ^j^i^jik) — %iXj y 1 lj — U 


e) V 2 (/g) = ff V 2 (/) + 2V(/) • V( 5 ) + f\/ 2 (g) 


2 , , d d d f d d \ d 2 d d d 2 d d 

v(/! ' , = ¡fefc (/9, = fc( / fc ! ' + ! 'fe / J =/ « 9+ fc / fc ! ' + 9 53 / + fc 9 fc / 


= + 2 TT- í TT !? + = /v 2 (í) + 2V(/) • V(g) + gV 2 (/) 

(JjJb j CíJb j LíJb 2 (IJb j 


f) V (r") = nr 11 2 f 


<?) V(7n(r)) = 3 


(1 ri Ti n — 2 n -2 

V (r") = — (a; 2 ) 2 é¿ = - (a: 2 ) 2 (2a; s )¿¿ s é i = n (a; 2 ) 2 a;¿é¿ = nr n ~ 2 r 


u „ d , , 2N í , 5(*¿) H^x P )S pt „ (x 2 ) * 

V(/n(r)) = e ,—In (*,) = e,-pyr-= Wpjy 


G-iXi 


(x 2 ) r 2 


h) X/ 2 ln(r) = -j 


U/ti* 2 2 / \AjiXj 2 «/ 


= 2xi ~^\ x l) 1 + ( x l) 1 izr = 


x _! dXj 
hR dx.i 


= 2x i (-(x 2 )~ 2 (2x i )) + S^ 2 )" 1 = -2(x 2 )- 1 + 3(x 2 )^ = (a- 2 )" 1 = 


1 


O V/ = 


rd¿ 
r dr 


. d „ drd ^Xtdf x^df rdf 

”/ = ei ^-^ = = ei — ^ =-7T = “T" 

a ^2 a ^2 dr r dr r dr r dr 


j) V(/ 5 ) = /V(ff)+ ff V(/) 


V ^ 9 )=e~(fg) = e i ífA-g + gA-f 

U/tiy 2 \ Uj'Aj 2 UjiAj'I 


= fj¡r(g)ei + g-^-(f)éi = /V(g) +gV(/) 
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k) V ^3r 2 — 4-^/r + = ^3 — r 2 — r 3 ^ 


V ^3r 2 - Ay/r+ = é¿^- ^3a; 2 - 4(2^) 4 + 6(xf) «j = 

= éi ^3(2xjSij) — 4 (a;|)-3(2a;p)(5p i + 6((- (a:?) - ® (2z s )¿ s ^ = 

= 2é¿x¿ ^3 - (x 2 k )~i - (xf)~^ = (3 - r - 5 - r~l') 


l) V • (r 3 ?^) = 6r 3 


V • (r 3 r) = ^-(x 2 ) 2 xí = 3(x 2 )2 +a;¿ Q(a ;|)2 (2cc m )á mi ^ = 3r 3 + 3(cc 2 )(a: 2 )2 = 3r 3 + 3r 3 = 6r 3 


m) V x | — | = O 


V x 


7 o ^ijk&k ) (•^q , )^g¿) “I” ) €ijk&k(, ¡ o\2 ) ^Hk&kfal ) 

ax¿ xf 


,2xiXj 2xjXi * 2 XíXj . \ 2 x%Xj , . -- 

v ^2)2 €i Ó k e J’ ífc ' _ ek (rr.2\2 — ek („2\2 ^ — ^ 


(*?) 


(^Z 2 ) 


n) V 2 - = 0 

\ r 


M = (^)(- 3 (^i) f +3(x 2 ) 3 2=-3(x 2 ) l+3(x 2 ) 1=0 


^ f f f\ / df 

n) V • —r = 2—|- — 
V r / r dr 


T7 l'f' 

V • I -r 
r 


Xi 


Xi df dr 

dx i (x 2 )i' í ' í {x 2 )2 dxi J dXi l ( x ^)5 Z ( x 2 )2 dr dxi 


f Xi df d 

-Xi = , , --h / - 


+ /(-(®?)(^) 5+3(x 2 ) 5 ) 


Xi Xi df 


r r* +/ ( 3(l ? )_é - ( *'> _i ) = l +2 f 


V • (r" -1 r) = (n + 2)r n - 1 


Por (ñ) sabemos que V • 




df_ 
dr ’ 


si / = r", entonces: 


r n d(r n ) 

V • (r^-V) = 2— + -V^ = 2r n_1 + nr™" 1 = (n + 2)r n " 1 
v 7 r dr 


p) V (1- (.B x f)) 


= Áx B 
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^B x AiBjXktjki&i — tjki^i {A^BjX¡f) — tjki^-i ^^4¡ P BjX¡ 


. / cLBA M cL4¿\ 

- 4 -?' ( Bj8¡~i + x k~d^~J + BjXi ) • 


tjki^-l 

V = AiBjCijiéi = Á x 


i? 


?)Vx (/V ff ) =V/xV 9 


Uvím ^ d ( dg\ „ ~ ( df dg d 2 g 

V x {fvg) = — f— e ijk e k = e ijk e k — --b /-—— 

dxi \ dxj) \dxj dxj dxt dxj 

df d d 2 d 2 

= —j ~t~— ^ijk&k + f j ék{e ijk + e jik ) = V/ x Vy + / J e fc (l -l) = V/x Vg 

Uífcl/J \AJtAJ J UuAs 2 lAjtAj J 


r) V • (/V 5 ) = /V 2 ff + V/ • V,? 


V • (/V fl ) = /- f = f^-^-g+^-^- = /(VV)ff + V/V 5 = /V 2 <? + V/ • V 5 
ax¿ V ax¿ / ax¿ ax¿ ax¿ ax¿ 


s) v x (/V/) = 0 


„ . m „ - df df . 1 / df df „ df df \ 

V x (/V/) - V/ x V/ - fnffnr^jkek - ^ ( Jf¡d.fh¡d ei: > kek + 7fPfhf ejikek ) 

L viL"i UitL/j ¿j y UiiA/^ ItJ/j UjiL> j LLtL"¿ J 

1 dfdf„ 1 df df -> 

= 2 d^d^ ek{eiik + 6jlk) ~ 2d^¡d^ ek{ ] = ° 


dv 

t) -j-^~ ■ Wxj = dij 


df , dx s dxj „ x s dxj 

7 ' ^ Xj - 7 7 - 7 7 - 0 S idjp0ps - 02J 

ax¿ ax¿ ax„ dxi dx p 


3. Dados 


Tij — V^kk^ij H - 


'4 — 2 TijEij 


P = T 2 

i] 


mostrar que 
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O) W=pl k +^Ef j 


W = \ (vEkkSij + 2£Eij ) Eíj = \E kk E di + ££$ = ^E¡ k + ^ 

b) P = 4£ 2 Ef j +r)El k (3r] + 4:t) 

P = {vEkkSij + 2 ZEijf = ifE 2 kk 6 j: + ¿rtEkkEjj + 4£ 2 E.% = 
= 4 eEfj + 3 V 2 E¡ k + 4 tfE* k = 4 i 2 E% + V E 2 k (3r, + 4£) 
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